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ABSTRACT

The relationship between the inversion stability and the liquid water path (LWP) tendency of a vertically

well-mixed, adiabatic stratocumulus cloud layer is investigated in this study through the analysis of the budget

equation for the LWP. The LWP budget is mainly determined by the turbulent fluxes of heat and moisture at

the top and the base of the cloud layer, as well as by the source terms due to radiation and precipitation.

Through substitution of the inversion stability parameter k into the budget equation, it immediately follows

that the LWP tendency will become negative for increasing values of k due to the entrainment of increasingly

dry air. Large k values are therefore associated with strong cloud thinning. Using the steady-state solution for

the LWP, an equilibrium value keq is formulated, beyondwhich the stratocumulus cloud will thin. The Second

Dynamics and Chemistry of Marine Stratocumulus field study (DYCOMS-II) is used to illustrate that, de-

pending mainly on the magnitude of the moisture flux at cloud base, stratocumulus clouds can persist well

within the buoyancy reversal regime.

1. Introduction

Buoyancy reversal at the top of a stratocumulus layer

has often been suggested as a major stratocumulus

cloud–dissolving mechanism. Lilly (1968) hypothesized

that under certain inversion conditions, parcels that are

entrained from above the inversion can become nega-

tively buoyant by mixing with saturated air inside the

cloud layer. As these parcels sink, turbulence kinetic

energy is generated such that additional entrainment

is promoted. Such runaway entrainment would rapidly

warm and dry the cloud layer, leading to its breakup.

Randall (1980) and Deardorff (1980) formulated a

criterion for this process to occur by determining the

minimum buoyancy of entrained parcels. This criterion

can be expressed in terms of an inversion stability pa-

rameter k, which is a function of the ratio of the inver-

sion jumps of total specific humidityDqt and liquid water
potential temperature Dul, as follows:

k[ 11
cp

Ly

Dul
Dqt

. (1)

Here, cp is the specific heat of air and Ly is the latent

heat of vaporization of water. Siems et al. (1990) showed

that using Eq. (1), the Randall and Deardorff criterion

can conveniently be written as k. kBR, where kBR5 0.23.

Similar criteria have been suggested by, among others,

MacVean and Mason (1990), Siems et al. (1990), and

Duynkerke (1993) [for an overview, see Yamaguchi and

Randall (2008)].

However, Kuo and Schubert (1988) found that most

of the available stratocumulus observations lie within

the buoyancy reversal regime. Siems et al. (1990) further-

more performed laboratory experiments from which

they concluded that a positive entrainment feedback

due to buoyancy reversal does not occur under realistic

stratocumulus conditions. Similar conclusions are drawn

from recent high-resolution large-eddy simulation (LES)

results by Yamaguchi and Randall (2008), who find that

spontaneous entrainment as a result of evaporative

cooling indeed exists, but the effect is weak and does

not lead to runaway entrainment. Mellado et al. (2009)

furthermore conclude from linear stability and numerical
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analyses that evaporative cooling of entrained parcels

does enhance the turbulence generation slightly below

the inversion, but the entrainment velocity is not affected.

Nevertheless, the LES results of Moeng (2000) and

more recently of Lock (2009) strongly suggest that cloud

cover in stably stratified boundary layers tends to de-

crease rapidly beyond a certain critical value for k. Sim-

ilarly, Noda et al. (2013) show from LESs of transient

stratocumulus-topped boundary layers that for larger

values of k, the LWP tendency is more negative and the

cloud layer tends to break up earlier.

The k dependency of cloud cover is particularly in-

teresting in connection with climate perturbation studies.

The value of k will typically increase in climate-warming

scenarios, as Dul remains approximately constant, while

the humidity jump increases as a result of Clausius–

Clapeyron scaling (Bretherton et al. 2013; Bretherton

and Blossey 2013, manuscript submitted to J. Adv.

Model. Earth Syst.). A thorough understanding of how

this will affect the low cloud cover is important for

determining the magnitude of the cloud–climate feed-

back (Stephens 2005).

Stratocumulus-to-cumulus transitions that are often

observed over subtropical oceans provide further moti-

vation for the research presented in this article. As

stratocumulus cloud fields are advected toward the

equator, Dqt typically increases due to the deepening

of the boundary layer in combination with the negative

humidity gradient in the free atmosphere, and the in-

crease of the surface saturation specific humidity as the

sea surface temperature increases. The temperature

jump typically changes less rapidly, as the sea surface

temperature increase counteracts the stabilizing effect

of boundary layer deepening. The increase of Dqt there-
fore dominates the change in k, causing it to increase.

Eventually the stratocumulus cloud breaks up and a

transition to cumulus clouds is observed.

Four stratocumulus transitions have been simulated

as a model intercomparison of the combined Global

Atmospheric System Studies (GASS) and European

Union Cloud Intercomparison, Process Study and Eval-

uation (EUCLIPSE) projects. These cases mainly differ

in the magnitude of the initial temperature and humidity

jumps. For a detailed description of the three composite

cases, see Sandu and Stevens (2011). The setup of the

transition based on the Atlantic Stratocumulus Tran-

sition Experiment (ASTEX; Albrecht et al. 1995) is de-

scribed by Van der Dussen et al. (2013). The 2-hourly

averaged values of the cloud fraction as a function of k

for these four cases, obtained using the Dutch Atmo-

spheric LES (DALES) model, are shown in Fig. 1.

Sandu and Stevens (2011) presented in a similar figure

the results of the composite transition cases obtained

using the University of California, Los Angeles (UCLA)

LES model. These results also indicate that the cloud

fraction s decreases rapidly beyond some critical k.

For the ASTEX transition, this critical k value is

clearly lower than for the composite transition cases.

This apparent lack of a universal critical value for k has

also been found by Xiao et al. (2011), who concluded

that decoupling of the boundary layer causes stratocu-

mulus breakup to occur at lower k values. The study

thus shows that the critical value for k depends on the

moisture supply at the stratocumulus cloud base. These

examples cannot be sufficiently explained by the ex-

isting k criteria that are based on buoyancy reversal

argumentation.

In the following section, we will derive an equation

for the tendency of the liquid water path (LWP) of

adiabatic stratocumulus cloud layers. This equation is

then rewritten in terms of k, which shows that for suf-

ficiently large values of k the cloud-thinning tendency

due to entrainment drying and warming becomes so

large that it cannot be compensated anymore by cloud-

building processes. In section 3, a simple entrainment

relation is assumed that allows for the derivation of

an equilibrium value of k for which the LWP is constant

in time. The results are furthermore linked to the Klein

and Hartmann (1993) relation, which describes the cloud

cover as a function of the bulk stability of the boundary

layer. The final section contains a short summary of the

conclusions.

FIG. 1. The 2-hourly averaged cloud cover as a function of k for

the four GASS–EUCLIPSE model intercomparison cases, as in-

dicated by the legend. Simulations where performed using the

DALES model (Heus et al. 2010).
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2. Theory

Randall (1984) derived an equation for the tendency

of qtl, the liquid water specific humidity at the top of

a well-mixed stratocumulus-topped boundary layer, in

order to investigate the effect of entrainment on the

cloud layer. For such boundary layers, qtl is a function

of qt and ul in the cloud layer, as well as of the inver-

sion height zi, such that the following can be written:

›qtl
›t

5
›qtl
›qt

›qt
›t

1
›qtl
›ul

›ul
›t

1
›qtl
›zi

›zi
›t

. (2)

Note that the partial derivatives imply that all but the

variable of interest are kept constant.

Using the trapezoidal rule, qtl can be related to the

LWP, giving

LWP5

ð‘
z50

rql dz’
1

2
rhqtl . (3)

Here, r is the total density of air and h is the thick-

ness of the cloud layer. This relation assumes that ql
varies approximately linearly with height in the cloud

layer,

›ql
›z

52Gq
l
, (4)

in which Gql is the lapse rate of the liquid water specific

humidity. We assume that the cloud layer is vertically

well mixed as a result of the destabilizing effect of long-

wave radiative cooling at cloud top and accordingly the ql
lapse rate is adiabatic. Following the conceptual model

for stratocumulus-topped boundary layers of Park et al.

(2004) and Wood and Bretherton (2004), the stratocu-

mulus cloud layer is allowed to have a different ul and qt
than the subcloud layer. Both layers are then connected

by a conditionally unstable layer in which cumuli are

responsible for the transport of moisture to the stra-

tocumulus layer (e.g., Wang and Lenschow 1995). In

other words, the stratocumulus layer is well mixed

even though the boundary layer as a whole is possibly

decoupled.

Integration of Eq. (4) shows that qtl 52Gqlh, such that

the LWP tendency can be written as follows:

›LWP

›t
52

1

2

›

›t
(rGq

l

h2)’2rh
›

›t
(Gq

l

h)5 rh
›qtl
›t

. (5)

This equation shows that the LWP tendency is linearly

related to the tendency of qtl in Eq. (2).

The following expressions for the partial derivatives

of qtl in Eq. (2) are derived in the appendix:

›qtl
›qt

5h , (6a)

›qtl
›ul

52Pgh , (6b)

where the variable

h5

 
11

Lyg

cp

!21

(7)

accounts for the latent heat release (uptake) associ-

ated with the condensation (evaporation) of liquid

water. The value of h depends mainly on temperature.

For subtropical stratocumulus clouds, h ’ 0.4. Fur-

thermore,P is the Exner function and g5 ›qs/›T is the

change of the saturation specific humidity qs with

temperature T as described by the Clausius–Clapeyron

relation.

The entrainment rate and the large-scale vertical ve-

locity w together determine the rate of change of the

inversion height with time:

›zi
›t

5we1w(zi) . (8)

Through substitution of Eqs. (5), (6), and (8), Eq. (2)

becomes

1

rh

›LWP

›t
5h

›qt
›t

2Pgh
›ul
›t

2Gq
l
[we 1w(zi)] . (9)

The tendencies of qt and ul in this equation are gov-

erned by their respective Reynolds-averaged budget

equations:

›qt
›t

52
›w0q0t
›z

2
›P

›z
, (10a)

›ul
›t

52
›w0u0l
›z

2
1

P

›Frad

›z
1

Ly

cpP

›P

›z
, (10b)

which include the effects of the precipitation P (m s21)

and net radiative fluxes Frad (Km s21). The overbars

have been omitted for notational convenience, except

for the turbulent fluxes. Variations of the Exner func-

tion throughout the cloud layer are assumed to be neg-

ligibly small.

By assuming a well-mixed stratocumulus cloud layer

as before, Eqs. (10) can be straightforwardly integrated

from cloud base, denoted by a superscript b, up to cloud

top, which results in
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h
›qt
›t

5weDqt 1w0q0t
b
2 dP , (11a)

h
›ul
›t

5weDul 1w0u0l
b
2

dFrad

P
1

Ly

cpP
dP . (11b)

The inversion jumps and the entrainment rate we en-

tered this equation through the use of the flux–jump

relation: w0u0t 52weDu (Lilly 1968). Also d indicates

a difference between cloud top and base, such that for

longwave cooling: dFrad . 0. As the precipitation flux

is defined negative downward and no precipitation en-

ters the cloud layer at the top, dP . 0.

When Eqs. (11) are used in Eq. (9), an equation is

acquired for the total LWP tendency. This equation

can be conveniently split into the contributions of the

five relevant processes: turbulent fluxes at cloud base

(‘‘Base’’), entrainment (‘‘Ent’’), radiation (‘‘Rad’’),

precipitation (‘‘Prec’’), and subsidence (‘‘Subs’’):

›LWP

›t
5Ent1Base1Rad1Prec1 Subs,

in which

Ent5 rwe(hDqt 2PghDul 2 hGq
l

) , (12a)

Base5 rh(w0q0t
b
2Pgw0u0l

b
) , (12b)

Rad5 rhgdFrad , (12c)

Prec52rdP , (12d)

Subs52rhGq
l
w(zi) . (12e)

Equations (12a)–(12e) allow for the evaluation of

the relative contribution of each of the processes to the

LWP tendency. Inserting typical values indicates, for

instance, that the magnitude of the LWP tendency due

to subsidence (about 5 gm22 h21) is about 9 times as

small as that due to radiation. Table 1 gives an over-

view of the LWP tendencies induced by an increase of

1Wm22 in the cloud-base turbulent and entrainment

fluxes, as well as in the precipitation and radiation fluxes.

The entrainment term in Eq. (12a) is typically of sim-

ilar magnitude as the radiative cooling term. The first

two terms between the parentheses in Eq. (12a) rep-

resent cloud-thinning tendencies due to entrainment

drying and warming. The third term describes cloud

thickening due to entrainment. Randall (1984) found

that entrainment can result in net cloud thickening de-

spite its cloud-drying and -warming effect. This ‘‘cloud

deepening through entrainment’’ occurs only for deep

cloud layers (large h) and/or small inversion jumps Dul

and Dqt. He introduced a variable X, which is similar to

the term between parentheses in Eq. (12a), but only valid

for a well-mixed boundary layer, as it assumes that the

entrainment drying and warming are spread over the

entire depth of the boundary layer.

To assess how the LWP tendency due to entrainment

depends on k, the definition in Eq. (1) is used to sub-

stitute Dqt out of Eq. (12a), which gives

›LWP

›t

����
Ent

5 rhwe

 
cp

Ly

Dul
k2 1

2PgDul 2
hGq

l

h

!
. (13)

It is clear from this equation that the cloud-thinning

tendency due to entrainment becomes increasingly large

as k increases toward one. The magnitude of the two

major cloud-thickening processes—radiative cooling

[Eq. (12c)] and input of moisture at cloud base by tur-

bulent fluxes [Eq. (12b)]—are limited by, respectively,

the radiative divergence over the cloud layer dFrad &

60Wm22 and the surface latent heat flux, which is typi-

cally between 50 and 150Wm22. The thinning tendency

due to entrainment will therefore dominate the LWP

tendency for large enough values of k, such that the cloud

layer will inevitably thin.

3. Discussion

a. LWP tendency due to entrainment

To arrive at a zero-order estimate of the LWP ten-

dency due to entrainment, a qualitative relation for the

entrainment rate is used (Stevens et al. 2005):

we 5A
dFrad

Dul
, (14)

in which the entrainment efficiency A is of order unity.

Typically, microphysical processes, the magnitude of

the humidity inversion jump, surface turbulent fluxes,

and wind shear over the inversion have important effects

on the entrainment efficiency via the buoyancy flux pro-

file (Stevens 2002). The value of A is therefore expected

to vary significantly in space and time. Nevertheless, for

illustrative purposes, A is treated as a constant.

TABLE 1. Overview of the LWP tendency induced by a 1Wm22

increase in the denoted variables.

Variable ›LWP/›t (gm22 h21)

rLyw0q0t
b
; rLyweDqt 0.60

rcpw0u0l
b
; rcpweDul; 2rcpdFrad/P 20.82

rLydP 21.44
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Substitution of Eq. (14) into Eq. (13) gives

›LWP

›t

����
Ent

5 rhAdFrad

 
cp

Ly

1

k2 1
2Pg2

hGq
l

hDul

!
. (15)

The inverse proportionality of the entrainment rate to

the ul jump over the inversion causes the LWP tendency

due to entrainment to be almost independent of Dul, as
the third term on the rhs of Eq. (15) is relatively small

compared to the other two.

Figure 2 shows the LWP tendency due to entrainment

described by Eq. (15) as a function of k for several values

of Dul. Table 2 shows the parameters that were used for

this plot. These parameters were chosen to match as

closely as possible the setup of the Second Dynamics

and Chemistry of Marine Stratocumulus field study

(DYCOMS-II; Stevens et al. 2003a, 2005). This case is

particularly interesting, as it lies well within the original

buoyancy reversal regime, yet the stratocumulus cloud

layer is persistent in the observations (Stevens et al.

2003b). From the figure, it is clear that the cloud-thinning

tendency due to entrainment increases rapidly with k.

For DYCOMS-II, k ’ 0.55, such that this thinning ten-

dency exceeds 2120 gm22 h21. This indicates that en-

trainment alone can dissolve the stratocumulus cloud

in a matter of hours.

Note that the plot indeed shows that there is hardly

any explicit dependence of the cloud thinning tendency

on Dul. Furthermore, the entrainment efficiency and the

radiative divergence over the cloud layer are simply

coefficients of the tendency in Eq. (12a). Larger values

will result in a stronger cloud thinning tendency and will

shift the lines in Fig. 2 downward.

So far, only entrainment has been considered. In the

next section, source terms for the LWP will also be con-

sidered in order to find the conditions for which a stra-

tocumulus cloud layer will thin.

b. LWP source terms

A stratocumulus cloud layer can be maintained even

under conditions with a strong thinning tendency due to

entrainment, provided that the opposing cloud thick-

ening processes are strong enough. In terms of Eqs. (12),

the total LWP tendency is zero when

Ent1Base1Rad1Prec1 Subs5 0. (16)

Straightforward substitution of all terms results in

we(Dqt 2PgDul)1w0q0t
b
2Pgw0u0l

b
1 gdFrad

2
dP

h
2
hGq

l

h
[we 1w(zi)]5 0. (17)

This equation can then be easily solved for Dqt to give

Dqt,eq5

"
g(PA2 1)dFrad2w0q0t

b
1Pgw0u0l

b

1
dP

h
1

hGq
l

h
w(zi)

#
Dul,eq
AdFrad

1
hGq

l

h
, (18)

FIG. 2. Contribution of entrainment to the LWP tendency as a

function of k, as given by Eq. (15) for a set of parameters chosen on

the basis of the DYCOMS-II case (Stevens et al. 2005).

TABLE 2. Overview of the parameters and variables described

in the text with the values used. These values are based on the

DYCOMS-II case setup (Stevens et al. 2005). Variables h and Gql

are derived in the appendix.

Parameters

ps 1017.8 hPa

T 283K

h 200m

zi 800m

rcpdFrad 48Wm22

rLydP 0Wm22

w0u0l
b

0Kms21

w(zi) 23.0mms21

A 1.3

Derived variables

r 1.13 kgm23

qs 8.2 g kg21

g[
›qs
›T

5
Lyqs
RyT2

0.55 g kg21K21

h[

�
11

Lyg

cp

�21

0.42

Gql 5 gh

�
qs

RdT
2

g

cp

�
21.86 g kg21 km21
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where the entrainment relation of Eq. (14) has again

been substituted. Equation (18) defines a pair of critical

inversion jumps Dqt,eq and Dul,eq for which the LWP of

the stratocumulus layer is constant in time due to a bal-

ance of the sources and sinks. Figure 3 shows these pairs

as a function of the latent heat flux at cloud base, again

using the parameters in Table 2. Note that the precipi-

tation rate is zero, as it was not included in the original

DYCOMS-II simulations. Furthermore,w0u0l
b
is typically

small and has therefore been neglected. For the area to

the left of the equilibrium lines, the cloud layer is thin-

ning due to additional entrainment drying and warming.

Figure 3 shows that, for a cloud-base latent heat flux of

100Wm22, the equilibrium condition given by Eq. (18)

is similar to the buoyancy reversal criterion of Randall

(1980) and Deardorff (1980), which is shown in blue.

However, Eq. (18) allows for the persistence of strato-

cumulus clouds beyond the original buoyancy reversal

criterion line, depending on the magnitude of the source

terms and is therefore in accord with the observations

summarized by Kuo and Schubert (1988).

The black triangle marks the location of the

DYCOMS-II case in the phase space. The latent heat

flux for this case is almost constant with height at about

115Wm22. According to this analysis, the cloud layer is

thinning slowly. The rate at which it thins can be calcu-

lated using Eqs. (12) and is about 219 gm22 h21. The

results shown in Fig. 3, however, are significantly influ-

enced by A. For a slightly lower value, A ’ 1.1 (corre-

sponding to a reduction of the entrainment velocity of

only 1mm s21), the cloud layer would even be thick-

ening. Similarly, a higher cloud-base latent heat flux of

about 150Wm22 would provide enough moisture to

the cloud layer to keep it from thinning.

In that respect, it is important to note that the analysis

presented here is based on the instantaneous state of

the cloud layer, which means that interactions among

processes are not accounted for. As the LWP of the

cloud layer changes as a result of a net tendency, radi-

ative fluxes, precipitation, and entrainment will change

accordingly on a relatively short time scale. On a longer

time scale, the humidity flux at cloud base and Dqt
and Dul will be affected. The goal of this discussion is

therefore not to describe the temporal evolution of a stra-

tocumulus cloud layer, but rather to show how the stra-

tocumulus cloud thinning for sufficiently high values of k

can be reasonably expected from mere budget arguments.

To that end, the definition of k in Eq. (1) is now used

to substitute out DqT,eq from Eq. (18). This gives us an

equilibrium k value, beyond which the cloud layer is

expected to thin. This keq can be written as follows:

keq5 11
cpdFradA

Ly

(
g(PA2 1)dFrad 2w0q0t

b

1Pgw0u0l
b
1

dP

h
1

hGq
l

h

�
w(zi)1

AdFrad

Dul

�)21

.

(19)

In Fig. 4, keq is shown as a function of Dul for three

different values of the cloud-base latent heat flux.

Clearly, keq is higher for larger cloud-base latent heat

fluxes, while it is only a weak function of Dul. This is in
good agreement with the results of the LES experiments

performed by Xiao et al. (2011), who found that for

well-mixed boundary layers and hence a maximum mois-

ture supply from the surface, the cloud layer breaks up

at larger values of k as compared to decoupled cases. It

is also in qualitative agreement with the LES results of

the stratocumulus transitions presented in Fig. 1. The

stratocumulus cloud layer in the ASTEX case breaks

up for significantly smaller k values than in the com-

posite cases. The LWP budget analysis shows that this

can be reasonably expected on the basis of the surface

latent heat flux, which is on average about a factor of

2 smaller for ASTEX.

c. The Klein and Hartmann line

From observations, Klein andHartmann (1993) found

a strong correlation between the seasonally averaged

FIG. 3. Plots of the equilibrium lines defined by Eq. (18), for

three values of the surface latent heat fluxes: 75, 100, and 125Wm22.

The blue line indicates the buoyancy reversal criterion formulated by

Randall (1980) andDeardorff (1980), kBR5 0.23. The trianglemarks

the location in phase space of the DYCOMS-II case for which the

surface latent heat flux is about 115Wm22.
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lower-tropospheric stability (LTS) and cloud cover in

the main subtropical stratocumulus regions. The linear

fit through the data points has become known as the

Klein and Hartmann line and is described by

s5 aLTS1 b , (20)

in which s is the cloud cover and a 5 5.7K21 and b 5
255.73 are fitting constants. Chung et al. (2012) later

qualitatively derived this relationship from a steady-

state, large-scale ul budget. Here, we express Eq. (20) as

a function of k in order to show some analogy with the

results derived from LESs by Moeng (2000) and Lock

(2009).

Assuming a constant u lapse rate in the free atmo-

sphere Gu, the LTS can be related to the inversion jump

of ul as follows:

LTS5Dul 2 (z7002 zi)Gu . (21)

Here, z700’ 3000m is the height of the 700-hPa isobar.

Substitution of Eqs. (1) and (21) into Eq. (20) results in

the following relation between s and k:

s5
aLy

cp
(k2 1)Dqt 2 aGu(z7002 zi)1 b . (22)

Figure 5 shows s as a function of k, using Gu526Kkm21

and zi 5 800m. This figure shows that the seasonally av-

eraged cloud cover decreases linearly with k. Interestingly,

the cloud cover is qualitatively similar to those found

from the LES process studies depicted in Fig. 1 and

by Lock (2009), despite the fact that the Klein and

Hartmann line describes a fit through large-area and sea-

sonally averaged observations. However, whereas the

Klein and Hartmann line describes the cloud cover as

a function of the LTS only, the k analysis suggests that

additionally Dqt and the latent heat flux should be

taken into account. An analysis of the correlation be-

tween the relative humidity in the free atmosphere and

the cloud fraction from observations would therefore be

very insightful.

4. Conclusions

In this article it is argued that the breakup of the

subtropical marine stratocumulus clouds for high values

of the inversion stability parameter k can be satisfacto-

rily explained using simple cloud-layer budget arguments.

A budget equation was derived for the LWP of an

adiabatic stratocumulus cloud layer, such that the con-

tributions of the different physical mechanisms could

be separately analyzed. Using a phenomenological en-

trainment relation, it is shown that the cloud-thinning

tendency due to entrainment increases rapidly with k,

making cloud breakup inevitable for sufficiently large

values of k.

The conditions for which the cloud layer is neither

thickening nor thinning could be found using the

LWP tendency equation. This allowed us to define

FIG. 4. The equilibrium inversion stability parameter, given by

Eq. (19), for three values of the latent heat flux at cloud base: 75,

100, and 125Wm22.

FIG. 5. Seasonal cloud cover as a function of k based on the Klein

and Hartmann line as described by Eq. (22), using zi 5 800m and

Gu 5 26Kkm21. Function is capped at s 5 100%.
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an equilibrium value of k beyond which the cloud layer

will thin. The value of keq is mainly determined by the

turbulence humidity flux at cloud base and the entrain-

ment efficiency parameter A. The results are in qualita-

tive agreement with the findings of Xiao et al. (2011),

who show that the k value for which clouds start to

break up are lower for decoupled than for well-mixed

boundary layers.

Finally, it was shown that the linear relationship be-

tween the LTS and the cloud cover, found from obser-

vations by Klein and Hartmann (1993), also describes

a cloud cover that decreases with k.
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APPENDIX

Partial Derivatives of the Liquid Water Specific
Humidity

Equation (2) contains partial derivatives of ql with

respect to qt, ul, and zi. Below, expressions for each of

these derivatives are derived.

a. Total humidity

First, the definition of ul is written in an incremental

form:

dul 5 du2
Ly

Pcp
dql . (A1)

Now, because ul is kept constant, the lhs of Eq. (A1) is

zero, such that

dT5
Ly

cp
dql . (A2)

In a saturated environment, qt can be written as the

sum of the saturation specific humidity qs and ql, or, in

its incremental form:

dqt 5dqs 1dql . (A3)

Equation (A2) can now be used to substitute dql out of

this equation, giving

dqt 5 dqs1
cp

Ly

dT5

�
11

cp

Lyg

�
dqs , (A4)

where g is defined as

g[
›qs
›T

5
Lyqs
RyT

2
. (A5)

The second equality in Eq. (A5) is given by the Clausius–

Clapeyron relation. Figure A1a shows g for a range

of relevant temperatures and pressures. Using this ex-

pression to eliminate dqs in Eq. (A3) and rearranging the

terms gives

dqt 5

 
Lyg

cp 1Lyg

!
dqt 1 dql , (A6)

which can be solved for dqt. The partial derivative can

then be written as

›ql
›qt

5h , (A7)

in which

FIG. A1. (a) Clausius–Clapeyron relation g, (b) h, and (c) Gql as a function of temperature for the pressures specified in the legend.
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h[

 
11

Lyg

cp

!21

. (A8)

This h can be interpreted as an efficiency at which in-

crements in qt are converted to ql. FigureA1b shows h as

a function of temperature for different pressures.

b. Liquid water potential temperature

For increments of u, the following can be written:

du5
dT

P
5

1

P

›T

›qs
dqs . (A9)

Furthermore, in a saturated environment at constant qt,

dqs 52dql . (A10)

Equations (A9) and (A10) can be used in Eq. (A1)

to give

dul 52
1

P

 
1

g
1

Ly

cp

!
dql . (A11)

The partial derivative of ql with respect to ul can then be

written as follows:

›ql
›ul

52Pgh , (A12)

with h as defined by Eq. (A8).

c. Inversion height

In the cloud layer, the following can be written for the

lapse rate of the liquid water specific humidity Gql :

Gq
l
52

›ql
›z

5
›qs
›z

. (A13)

Since qs 5 f(T, p), partial differentiation can be used to

write

Gq
l
5

›qs
›z

5
›qs
›T

›T

›z
1

›qs
›p

›p

›z
. (A14)

Rewriting the first term on the right-hand side gives

›qs
›T

›T

›z
52gGT , (A15)

where GT is the lapse rate of temperature. Since Eq.

(A14) should be evaluated in cloud, GT is equal to the

saturated adiabatic lapse rate:

GT,s’
g

cp
1

Ly

cp

›qs
›z

, (A16)

in which qy in the partial derivative has been replaced

by qs.

To rewrite the second term on the right-hand side, qs
is approximated as follows (e.g., Stull 1988):

qs ’
«es
p

. (A17)

Here, es is the saturation pressure and «5Rd/Ry ’ 0.622

is the ratio of the gas constant of dry air to that of water

vapor. Differentiating this equation with respect to p

results in

›qs
›p

52
qs
p
. (A18)

The atmosphere is furthermore assumed to be in hy-

drostatic equilibrium,

›p

›z
52rg’2

pg

RdT
. (A19)

Substitution of Eqs. (A15)–(A19) into Eq. (A14) gives

 
11

gLy

cp

!
›qs
›z

52
gg

cp
1

gqs
RdT

, (A20)

such that after rewriting

Gq
l

5 gh

 
qs

RdT
2

g

cp

!
. (A21)

The lapse rate is approximately21.8 g kg21 km21 in the

relevant temperature and pressure range (see Fig. A1c).

As a result of mainly precipitation, stratocumulus clouds

are typically subadiabatic (Wood 2005). Equation (A21)

therefore gives an upper limit for magnitude of the lapse

rate, which can in practice be up to 40% smaller.
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